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We derive and implement a general method to characterize the nonclassicality in compound
discrete- and continuous-variable systems. For this purpose, we introduce the operational notion of
conditional hybrid nonclassicality which relates to the ability to produce a nonclassical continuous-
variable state by projecting onto a general superposition of discrete-variable subsystem. We discuss
the importance of this form of quantumness in connection with interfaces for quantum commu-
nication. To verify the conditional hybrid nonclassicality, a matrix version of a nonclassicality
quasiprobability is derived and its sampling approach is formulated. We experimentally generate
an entangled, hybrid Schrdinger cat state, using a coherent photon-addition process acting on two
temporal modes, and we directly sample its nonclassicality quasiprobability matrix. The introduced
conditional quantum effects are certified with high statistical significance.
Introduction.— The investigation of signatures of
nonclassicality is of crucial importance for the under-
standing, engineering, and control of quantum systems.
The knowledge about various forms of quantumness plays
a central role in modern research, ranging from funda-
mental tests of quantum physics [1, 2] to applications
close to commercial quantum information processing [3–
5]. Especially for secure communication, quantum corre-
lations of light have been vastly exploited [6]. To ap-
ply quantum enhanced communication protocols, it is
indispensable to characterize the correlations between
different systems. In particular, the interface between
continuous-variable (CV) and discrete-variable (DV) sys-
tems has to be understood for implementing quantum
communication on a highly variable basis and for em-
ploying the benefits of both kinds of systems [7].
In CV quantum optics, the standard concept of non-
classicality is based on the impossibility of describing field
correlations in terms of classical electrodynamics. This
notion defines nonclassical light via a Glauber-Sudarshan
P representation [8–10] that does not resemble a classi-
cal probability distribution. Thus, quasiprobability rep-
resentations are a direct and intuitive way to discern clas-
sical from quantum field theories. Moreover, the negativ-
ities of these quasiprobabilities have been closely related
to other features, like contextuality [11, 12] and symme-
tries of the quantum state [13].
However, the P distribution can be strongly singular
for many states [14]. Thus, different strategies have been
investigated in order to regularize the P distribution. For
instance, s-parametrized quasiprobabilities [15, 16] have
been introduced, which include the Wigner function for
s = 0. But the s parameter not only regularizes the
singularities, it also limits the sensitivity to verify quan-
tumness. To overcome this deficiency, non-Gaussian non-
classicality filters have been applied to uncover all forms
of single- and multimode nonclassicality via regular non-
classicality quasiprobabilities [17, 18].
The DV regime of quantum optics can be, for exam-
ple, related to the particle picture of quantized fields us-
ing the Fock representation of states. This expansion in
terms of photon number states also allows for a complete
characterization of light fields [19]. Other realizations of
such so-called photonic qudits are based on the angular
momentum of light [20, 21]. The advantage of this rep-
resentation is clearly its direct connection to quantum
information processing, which is formulated in qudits as
the basic carriers of information.
Traditionally, the CV and DV representation of light
have been individually exploited, but the connection be-
tween these two complementary regimes has not been
extensively studied. One of the few relations between
CV and DV systems that has been established is based
on the observation that qubits can be constructed out of
CV states [22, 23]. Another early attempt to consider a
hybrid system was elaborated to measure nonclassicality
between a vibrational mode and the electronic states of
a trapped two-level atom based on a Wigner matrix [24].
More recently, the experimental generation of hybrid en-
tanglement was reported [25, 26] and its entanglement
had been investigated [27, 28]. Even though quantum-
correlated hybrid systems are of high interest for quan-
tum information processing [29, 30], a universal way to
access their nonclassicality is missing yet.
In this Letter, we introduce and implement a general
method for describing and identifying nonclassicality in
hybrid, i.e., correlated CV and DV systems of light. The
operational meaning of the resulting notion of conditional
hybrid nonclassicality (CHN) is motivated in terms of
resources for quantum communications. In contrast to
previous approaches, formulated in terms of joint corre-
lations, our technique is based on the conditional non-
classicality which directly relates to remote state prepa-
ration and manipulation protocols. Our concept of CHN
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2is shown to be experimentally accessible via a nonclassi-
cality quasiprobability (NQP) matrix, which completely
describes the hybrid system. The sampling theory for
this NQP matrix is derived, which applies to imperfect
data sets and, thus, goes beyond previously known state-
reconstruction methods. To demonstrate the experimen-
tal application, we realize the prominent example of an
entangled, hybrid Schro¨dinger cat state. From our data,
we reconstruct the NQP matrix and certify its CHN with
high statistical significance.
Conditional hybrid nonclassicality.— We firstly con-
sider an application to motivate our general concept of
CHN. Suppose we have a Schro¨dinger cat state,
|Ψcat〉 = 2−1/2(|β〉 ⊗ |0〉+ |−β〉 ⊗ |1〉). (1)
The first subsystem is given in a CV description of co-
herent states. For the second subsystem, we have a DV
expansion in terms of Fock states. The implementation
of |Ψcat〉 was established through tailoring the correlation
between | ± β〉 and |0〉, |1〉 [25, 31–34].
For establishing a DV-CV communication node, we
aim at transferring the information of a qubit |q〉 =
q0|0〉+ q1|1〉 (a third subsystem) into a CV encoding via
the state (1). This can be achieved by performing a joint
projection of the composed state |Ψcat〉 ⊗ |q〉 onto the
Bell state |ψ〉 = 2−1/2(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉) in the second
and third mode as it is done in quantum teleportation
protocols [35]. Hence, we get analogously
|Ψq〉 = N (q0|β〉+ q1|−β〉), (2)
where N is the normalization constant; see Ref. [36] for a
different implementation. The state (2) now carries the
information of the qubit |q〉. If the qubit represents a
classical truth value, |q〉 ∈ {|0〉, |1〉}, we also get a clas-
sical coherent state |±β〉 in the resulting CV state (2).
Yet, any superposition state |q〉 will also result in a non-
classical superposition state |Ψq〉. In other words, the
hybrid state (1) has the potential to yield a nonclassical
CV state through DV projections.
Let us abstract the above observation. Suppose ρˆ is a
CV-DV-hybrid state and Πˆ is a non-negative projection
operator in the d-dimensional DV subsystem. Without
loss of generality we can restrict ourselves to rank-one
operators Πˆ = |ψ〉〈ψ|, with |ψ〉 = ∑d−1m=0 ψm|m〉 [37],
because any other Πˆ can be considered as a positive linear
combination of rank-one operators. Now, the conditional
CV state is defined as
ρˆ|Πˆ = N trDV(ρˆ[1ˆ⊗ Πˆ]) =
∫
d2αP (α|Πˆ)|α〉〈α|, (3)
where N is a normalization constant, trDV is the partial
trace over the DV subspace, and P (α|Πˆ) is the condi-
tional Glauber-Sudarshan distribution. We can now ex-
tend the concept of single-mode CV nonclassicality [10]
to define the operational notion of CHN: The CV-DV hy-
brid state ρˆ shows CHN if there exists a DV projection
Πˆ such that P (α|Πˆ) is not a classical probability distri-
bution.
In other words, CHN is the ability of a system to yield
a nonclassical CV state for at least one measurement Πˆ
in the DV subsystem, P (α|Πˆ)  0. In particular, this
definition applies to the Schro¨dinger cat state (1) [38].
Moreover, it extends the initial idea to mixed states and
it generalizes DV systems beyond qubits. For example, a
CV-qudit hybrid state |Ψ〉 = ∑d−1m=0 cm|βm〉⊗|m〉 clearly
exhibits CHN for nontrivial coefficients cm. The entan-
glement and mixtures of such states have been exten-
sively studied in Ref. [27]. In fact, any entangled hy-
brid state shows CHN, but CHN exists beyond entan-
glement. This results from the fact that CHN can be
interpreted in terms of the heralded generation of non-
classical states which can be achieved with nonentangled
states [39]. Also note that another form of conditional
nonclassicality has been recently studied in the context
of photon statistics [40].
Nonclassicality quasiprobability matrix.— Verifying
CHN requires one to explore all possible projections
Πˆ = |ψ〉〈ψ|. For at least one of them, the nonclassical-
ity has to be verified from the conditional and possibly
highly singular Glauber-Sudarshan distribution P (α|Πˆ).
To overcome these difficulties, let us formulate a directly
accessible and equivalent method.
Using the concept of the P representation, one can
expand any mixed, hybrid state ρˆ in the form
ρˆ =
∫
d2α
d−1∑
m,n=0
Pm,n(α)|α〉〈α| ⊗ |m〉〈n|. (4)
Note that Pm,n(α) can be a complex-valued function for
m 6= n. Moreover, the function fulfills the properties
of normalization, tr(ρˆ) =
∫
d2α
∑
n Pn,n(α) = 1, and
symmetry, ρˆ = ρˆ† ⇔ Pm,n(α) = P ∗n,m(α), which are
necessary for the proper representation of the physical
state ρˆ. Now, the P distribution conditioned onto the
DV state can be written in the form
P (α|Πˆ) = N ~ψ†P (α)~ψ, (5)
where P (α) = (Pm,n(α))m,n and the projection state
vector ~ψ = (ψn)n. As the normalization constant N is
positive, we get from Eq. (5) that P (α|Πˆ) is a classical
(non-negative) probability distribution for any projection
iff the P matrix is non-negative, P (α) = 0 for all α.
As the P function can be highly singular [14], the ma-
trix P (α) can be irregular as well. For a single CV mode,
a nonclassicality-preserving regularization process has
been proposed which consists of a convolution of the orig-
inal P function with a suitable, non-Gaussian kernel Ω˜(α)
[17]. For our purposes, this approach can be generalized,
yielding the NQP matrix PΩ(α) = [PΩ;m,n(α)]m,n, with
3the regular matrix elements
PΩ;m,n(α) =
∫
d2α′ Ω˜w(α− α′)Pm,n(α′), (6)
where our choice of a kernel Ω˜w(α) is the Fourier
transformation of the autocorrelation function Ωw(γ) =
Nw
∫
d2γ′e−(|γ
′|/w)4e−(|γ+γ
′|/w)4 with a normalization
constant Nw, such that Ωw(0) = 1, and w > 0 denot-
ing the filter width [17, 41, 42]. In the limit w →∞, we
recover the original P (α).
Now, the CHN can be identified with the following nec-
essary and sufficient condition: The state ρˆ shows CHN
iff there exists w > 0 and α ∈ C such that the NQP
matrix PΩ(α) is not positive semidefinite,
PΩ(α)  0. (7)
We will also use the equivalence of condition (7) to the
existence of a negative eigenvalue of PΩ(α).
In another context and restricting to a 2 × 2 matrix
and a convolution with Gaussian kernel yields a Wigner-
matrix approach [24], which inspired the criterion pre-
sented here. However, the 2 × 2 Wigner-matrix method
has two limitations which we overcome. It is restricted to
two-level atoms or DV qubit systems. More importantly,
the Wigner function cannot resolve all nonclassical fea-
tures [39].
To experimentally apply condition (7), we reconstruct
the NQP matrix with so-called pattern functions [43, 44].
Our data are recorded using balanced homodyne detec-
tion, which has been used for state and detector tomog-
raphy [19, 45, 46] and the tomography of atomic and
optomechanical systems [47–49]. The reconstruction of
a DV density matrix in the Fock basis via balanced ho-
modyne detection is well known [50–52], and their pat-
tern functions are labeled as Fm,n(x
′, ϕ′), where x′ is the
quadrature for the phase ϕ′. In the CV scenario, pattern
functions fΩ(α,w;x, ϕ) for the regularized quasiproba-
bilities PΩ have been introduced and applied [41, 42, 53].
We can combine the CV and DV approaches in order to
sample the elements of the NQP matrix PΩ(α) from the
measured quadratures data points {(xj , ϕj , x′j , ϕ′j)}Nj=1,
PΩ;m,n(α) =
N∑
j=1
$jfΩ(α,w;xj , ϕj)Fm,n(x
′
j , ϕ
′
j), (8)
with weights $j ≥ 0 and
∑
j $j = 1. The full treat-
ment of this technique can be found in the Supplemental
Material [39] together with a derivation of the weights
and the sampling error σ [PΩ;m,n(α)]. The introduction
of a weighted mean becomes essential for data sets which
are not uniformly distributed in phase. The weighting
corrects for this imperfection, which extends the applica-
bility of our technique beyond previous methods.
Experimental implementation.— In Fig. 1, we out-
line the experiment to produce a state of the type (1).
A detailed analysis of the setup may be found in Ref.
[25]. In our experiment, a single photon-addition device
(labeled as aˆ†) is fed with two distinct temporal modes
containing a coherent and a vacuum state, |β〉⊗ |0〉. The
device realizes a stimulated parametric down-conversion
process heralded by the detection of a idler photon; see
Ref. [54] for theoretical details. A properly unbal-
anced Mach-Zehnder interferometer is placed in the idler
path to restore the indistinguishability with the temporal
modes of the herald photons.
A click of one of the detectors after the interferometer
certifies the addition of a photon in either of the modes,
taˆ†⊗1ˆ+r1ˆ⊗aˆ†. This superposition of creation operations
is parametrized with t (r =
√
1− |t|2), which can be
controlled via the relative transmission between the two
interferometer arms. Choosing t = 1/
√|β|2 + 2 results
in correlated signal pulses of the form
|Ψ′〉 = 2−1/2
(
|β〉 ⊗ |1〉+ aˆ
†|β〉√〈β|aˆaˆ†|β〉 ⊗ |0〉
)
≈ 2−1/2(|β〉 ⊗ |1〉+ |gβ〉 ⊗ |0〉). (9)
Here the approximation aˆ†|β〉 ≈ |gβ〉 is used, where the
optimal amplitude gain (maximizing the fidelity) is g =
(1 +
√
1 + 4/|β|2)/2.
The symmetric target state (1) can be simply obtained
with a phase-space displacement [25]. Since we focus on
CHN, which is not affected by such operation, the exper-
imental state (9) with β ∼= 1.4 is analyzed instead. Also
note that compared to the state (9), imperfect detectors
additionally lead to small DV contributions with photon
numbers above one [54].
FIG. 1. Experimental scheme for the generation of a corre-
lated hybrid state (9).
Results.— The balanced homodyne detection of the
generated state yields an ensemble {(xj , ϕj , x′j , ϕ′j)}Nj=1
of N = 372 000 data points. Based on Eq. (8), we re-
constructed the NQP matrix PΩ(α) shown in Fig. 2.
For the DV part, we present the first three elements,
m,n ∈ {0, 1, 2}. Higher contributions are not relevant as
4+iP(α)= Ω
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FIG. 2. Reconstructed 3 × 3 NQP matrix PΩ(α) = [PΩ;m,n(α)]m,n=0,1,2. Significant values, |S| > 5, are displayed. Green
denotes positive values and red negative ones.
they have a reconstruction error σ [PΩ;m,n(α)] that ex-
ceeds 34%. The first observation from Fig. 2 is that
the reconstruction approximates to some extent our the-
oretical expectations of the state (1). With our sensitive
approach, however, we can also identify some deviations,
and we can test for CHN in terms of condition (7). Let
us discuss some results of our analysis.
In contrast to the ideal state (1), our produced state
includes nonzero matrix contributions for more than one
photon in the DV mode, e.g., PΩ;2,2(α) 6≈ 0. Imper-
fect detectors employed in the addition process can be
one source of this behavior [54]. The diagonal elements
also exhibit negative contributions, e.g., PΩ;0,0(α) < 0 for
α ≈ −4i, although the projection onto the DV vacuum
state is expected to correspond to a classical coherent
state. More rigorously, the |n〉〈n|-conditioned, regular-
ized P functions show a maximal significance of negativ-
ities of S0 = 8, S1 = 4, and S2 = 3 standard deviations,
where Sn = maxα{−PΩ;n,n(α)/σ(PΩ;n,n(α))}. The rea-
son for the significant negativities of PΩ;0,0(α) is that our
technique is sensitive enough to go beyond the approxi-
mation aˆ†|β〉 ≈ |gβ〉 in Eq. (9). Note, additional analyses
[39] show that the Wigner function cannot significantly
verify this nonclassicality.
So far we discussed the Fock-diagonal projections of
the NQP matrix. Now, we also apply our CHN cri-
teria (7) for general projections ~ψ in Eq. (5). For
this purpose, we adopt the eigenvalue approach from
Ref. [55], and we define the submatrices PΩ;n(α) =
[PΩ;m,m′(α)]m,m′=0,...,n. Hence, we have that PΩ;0(α)
corresponds to the previously considered PΩ;0,0(α),
PΩ;1(α) corresponds to the DV subspace in which the
state (1) lives (i.e., the span of the Fock states |0〉, |1〉),
and PΩ;2(α) is the full matrix shown in Fig. 2. The
eigenvector ~ψn,α to the minimal eigenvalue of PΩ;n(α)
describes the optimal projection Πˆ = |ψ〉〈ψ| that can be
done in the n-photon subspace. This means, a negative
eigenvalue en,α = ~ψ
†
n,αPΩ;n(α)
~ψn,α certifies the maximal
CHN for this point α in phase space.
The reconstructed NPQ matrix yields the maximal
significances of negativities Σn = maxα[−en,α/σ(en,α)],
similarly to Sn for diagonal projections. As expected
for n = 0, we observe a CHN with S0 = Σ0 = 8 stan-
dard deviations. For n = 1, the off-diagonal contribu-
tion PΩ;0,1(α) has a quite strong impact, which can be
seen from the maximal verification of quantumness with
Σ1 = 32 standard deviations. For comparison, the two
possible diagonal projections in this subspace yield only
S0 = 8 and S1 = 4. Hence, the major source of CHN
comes from the CV-DV interference terms PΩ;0,1(α), in
which the information on the nonclassical correlations is
encoded and which describes the coherent superpositions
term |β〉〈−β| ⊗ |0〉〈1|. The negativity of the full 3 × 3
matrix in Fig. 2 only adds a small contribution to the
nonclassicality, i.e., Σ2 = 33 ≈ Σ1.
Conclusions.— Motivated by the need of CV-DV
quantum communication, we introduced the concept of
conditional hybrid nonclassicality. In contrast to the
standard approach of joint correlations, conditional hy-
brid nonclassicality describes the ability of a CV-DV
state to produce a nonclassical state when performing
a projecting measurement (i.e., heralding) in one subsys-
tem. Beyond the conceptual formulation, we also derived
a directly accessible and robust technique to verify the
quantumness under study in terms of a regular phase-
space matrix. The latter functional matrix highlights
the interplay between the CV and DV degrees of free-
dom. Negativities in our quasiprobability matrix certify
the conditional hybrid nonclassicality.
We directly implemented our approach by realizing a
Schro¨dinger-cat-like state through correlating two tem-
porally separated pulses of light with the help of an in-
5terferometric photon-addition process. We sampled the
nonclassicality quasiprobability matrix and performed a
detailed analysis of the state. We verified conditional
hybrid nonclassicality with high significance.
The notion of conditional hybrid nonclassicality is a
promising candidate for characterizing the usefulness of
states for applications at the interface between CV and
DV quantum systems. It provides a link between the
phase-space nonclassicality in quantum optics with the
qudit treatment in quantum information science. The
nonclassicality quasiprobability matrix yields an intuitive
understanding of the quantum nature of states and cor-
relations. This technique is demonstrated to be experi-
mentally applicable even to imperfect measurements.
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SUPPLEMENTAL MATERIAL
This supplemental material is a guide towards the
proper reconstruction the nonclassicality quasiprobabil-
ity (NQP) matrix elements. It provides some additional
features of the conditional hybrid nonclassicality (CHN).
In a first part, we review some known methods and de-
scribe the modifications for the state reconstruction used
here. In the second part, we derive a treatment for non-
uniform phase distributions based on a weighted sam-
pling approach. In the third part, an extended discussion
of our concepts is presented.
PATTERN FUNCTIONS
Consider the physical quantity F and the pair of vari-
ables (x, ϕ), quadratures x and phases ϕ, that follow
the quadrature probability distribution p(x;ϕ), where∫∞
−∞ dx p(x;ϕ) = 1 for all ϕ. The x and ϕ values are
measured in the range −∞ < x < ∞ and 0 ≤ ϕ < pi,
respectively. Then F can be written as
F =
∫ ∞
−∞
dx
∫ pi
0
dϕ
p(x, ϕ)
pi
f(x, ϕ), (10)
which means that the quantity F can be determined
through the function f(x, ϕ). This family of such so-
called pattern functions allows us to directly estimate F
(i.e., sample the quantity F ) together with its standard
error of the mean σ(F ) from a given experimental data
set {(xj , ϕj)}Nj=1 via
F =
1
N
N∑
j=1
f(xj , ϕj), (11)
and σ(F )2 = (F 2 − F 2)/N for an equally weighted sam-
pling. Note that the denominator N in σ(F )2 is typically
replaced by N−1, the so-called Bessel’s correction, which
becomes irrelevant for largeN . In this section, the phases
are assumed to be uniformly distributed. This standard
sampling approach will be generalized in the second part
of this supplement.
We deal with physical quantities that can be estimated
from balanced homodyne detection (BHD). This yields
the quadrature variances x = x(ϕ), where ϕ is an exper-
imentally adjustable phase-difference between the signal
field and the local oscillator. The set of data which is ob-
tained from two BHDs, considering a two-mode system,
consist in N pairs {(x1,j , ϕ1,j , x2,j , ϕ2,j)}Nj=1. In our cur-
rent scenario, the data set is an ensemble of N = 372 000
measured quadrature values for an equally spaced set of
six fixed phase values per mode. A histogram of the mea-
sured marginal quadrature distributions for the discrete-
variable (DV) mode, x1, and the continuous-variable
(CV) mode, x2, is show in Fig. 3.
0
0.5
1.5
2.5
x 10
4
-5 0 5
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1.0
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x2
FIG. 3. The measured counts of the marginal quadrature
distributions for the DV mode, x1, and the CV mode, x2.
The total number of data points is N = 372 000.
CV pattern functions
The pattern functions for a single-mode filtered NQP
PΩ(α) have been derived in Ref. [42]. It was shown that
PΩ(α) =
∫ ∞
−∞
dx
∫ pi
0
dϕ
p(x;ϕ)
pi
fΩ(x, ϕ;α,w), (12)
with the pattern function
fΩ(x, ϕ;α,w) = (13)
1
pi
∫ ∞
−∞
db |b| e2ib|α| sin(arg(α)+ϕ−pi/2)eibxeb/2Ωw(b).
Here, we restrict ourselves to the filter function Ωw(γ) =
Nw
∫
d2γ′e−(|γ
′|/w)4e−(|γ+γ
′|/w)4 , with Nw being chosen
6such that Ωw(0) = 1 and w > 0 denoting the fil-
ter width. The nonclassicality quasiprobability, PΩ(α),
is represented as the expectation value of the function
fΩ(x, ϕ;α,w). Analogously to Eq. (11), when the pairs
(x, ϕ) are experimentally measured the expectation value
of PΩ can be replaced by the empirical estimate,
PΩ(α) =
1
N
N∑
j=1
fΩ(xj , ϕj ;α,w). (14)
As a set of data for BHD includes in general a large
number of data points, several hundred of thousands, the
fast evaluation of pattern functions is quite relevant. For
this purpose, a Fourier technique is applied [42].
DV pattern functions
The reconstruction of the density matrix elements
in the Fock representation, ρm,n = 〈m|ρˆ|n〉, from the
quadrature component distribution requires another set
of pattern functions, Fm,n(x, ϕ), which gives
ρm,n =
∫ ∞
−∞
dx
∫ pi
0
dϕ
p(x;ϕ)
pi
Fm,n(x, ϕ). (15)
The approach to compute the pattern function and their
explicit form can be found in Refs. [44, 56]. Decomposing
Fk,l(x, ϕ) = fk,l(x) e
i(k−l)ϕ, they are given by
fk,l(x) = i
k−l
√
k!
l!
∫ ∞
−∞
du |u| e−u2/2ul−k Ll−kk (u2)eiux,
(16)
where Ll−kk denote the associated Laguerre polynomials.
Analogously to the CV case, the expectation value can
be replaced by the empirical estimate
ρm,n =
1
N
N∑
j=1
Fm,n(xj , ϕj). (17)
Higher-order, bipartite significances
Summarizing the CV and DV sampling approaches, we
find that hybrid systems can be described through the
elements of the NQP matrix, PΩ;m,n(α). These elements
can be sampled according to
PΩ;m,n(α) =
1
N
N∑
j=1
fΩ(x1,j , ϕ1,j ;α,w)Fm,n(x2,j , ϕ2,j).
(18)
For classical states, the NQP matrix is non-negative.
We can write for a general, Hermitian matrix P that
~v†P~v = e ≥ 0, where ~v is the normalized eigenvector
to the minimal eigenvalue e of P . Suppose we sample
the matrix P = P ± σ(P ). Then we can compute the
eigenvector ~v to the minimal eigenvalue e of P—with
e = ~v†P~v—and we also get the linearly propagated error
from σ(e) = |~v|Tσ(P )|~v| with |~v| = (|v1|, |v2|, . . . )T [54].
In addition, let us also consider P n. That is the nth
principal leading submatrix of P . Consequently, we can
estimate the minimal eigenvalues, en = en±σ(en). In or-
der to provide statistical significance of the reconstructed
matrix, we define the higher-order significances of the
minimal eigenvalues of NQP matrix as follows:
Σn =
en
σ(en)
. (19)
As the minimal bound for the eigenvalues of classical
states is ecl = 0, the absolute value of the significance
corresponds to the distance of e to ecl. in units of the er-
ror σ(e), i.e., |Σn| = |e− ecl|/σ(e). The sign of Σn shows
if we are consistent with this bound, Σn ≥ 0, or clearly
violate it.
Pattern functions for a discrete set of phases
Ideally, the phases at which the quadratures are mea-
sured should be scanned in the whole interval 0 ≤ ϕ < pi
in a uniform distribution. In our actual experiment, the
quadratures are obtain just at a given number I of fixed,
equidistant phases. When the sampling function varies
rapidly with respect to the phase as in the CV scenario,
one can modify the pattern functions [42]. This reads
F =
∫ ∞
−∞
dx
∫ pi
0
dϕ
p(x;ϕ)
pi
f(x, ϕ)
=
I∑
k=1
∫ ∞
−∞
dx
∫ pi
2I
− pi2I
dϕ
p(x;ϕk + ϕ)
pi
f(x, ϕk + ϕ)
≈
I∑
k=1
∫ ∞
−∞
dx
p(x;ϕk)
pi
∫ pi
2I
− pi2I
dϕ f(x, ϕk + ϕ)
=
1
I
I∑
k=1
∫ ∞
−∞
dx p(x;ϕk)f
′(x, ϕk),
with the modified pattern function
f ′(x, ϕk) =
I
pi
∫ pi
2I
− pi2I
dϕ f(x, ϕk + ϕ). (20)
WEIGHTED SAMPLING
In our scenario, we commonly have sets of data for
equidistant, but not uniformly distributed phases; see
Fig. 4. Then the ordinary arithmetic mean for the sam-
pling does not give the correct estimation of the given
7physical quantities. For this reason, we will apply a
weighted sampling approach to correct for the unbal-
anced distribution of data points. The general approach
of weighted arithmetic means can be found, e.g., in Ref.
[58]. Let us recall that for a data set {(xj , ϕj)}j=1,...,N ,
the considered weights $j ($j ≥ 0 and
∑N
j=1$j = 1)
yield the sampling formula
F =
N∑
j=1
$jf(xj , ϕj). (21)
In particular for $j = 1/N , we retrieve the unweighted
case in the first part.
0
π/2
π
π/2
0
φ1 φ2
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 x 104
FIG. 4. The measured counts of the phases for the discrete-
variable (DV) mode, ϕ1, and the continuous-variable (CV)
mode, ϕ2. Our N = 372 000 data points are non-uniformly
distributed over I = 6× 6 = 36 phase intervals.
Single-mode case
Suppose we have a set of measured data points which is
organized in the form {(x(l)j , ϕ(l))}j=1,...,Nl;l=1,...,I , where
I is the number of measured phases and Nl is the num-
ber of measured quadratures for the lth phase. Without
a loss of generality, we can assume that the data are
ordered with increasing phase, 0 ≤ ϕ(l) < ϕ(l+1) < pi.
Interpreting a sampling formula in terms of a frequentist
probability, we can estimate
F =
∫ pi
0
dϕ
∫ ∞
−∞
dx
p(x;ϕ)
pi
f(x, ϕ)
≈F =
I∑
l=1
Nl∑
j=1
$
(l)
j f(x
(l)
j , ϕ
(l)), (22)
where the weightings, $
(l)
j ≥ 0 and
∑
l,j $
(l)
j = 1, rep-
resent the probability distribution p(x;ϕ) in some limit.
We define the Heaviside function Θ(t) = 1 for t ≥ 0 and
Θ(t) = 0 for t < 0. Further note that the probabilities
are completely characterized by their cumulative distri-
bution,
P(x ≤ X ∧ ϕ ≤ Φ) =
∫ Φ
0
dϕ
∫ X
−∞
dx
p(x;ϕ)
pi
≈
I∑
l=1
Nl∑
j=1
$
(l)
j Θ(X − x(l)j )Θ(Φ− ϕ(l)). (23)
In the following, we determine the coefficients $
(l)
j for
the weighted sampling formula (22) from the cumula-
tive distribution P in Eq. (23). We need to satisfy the
following two requirements: (i) The quadrature density
p(x;ϕ(l)) for a given phase is approximated by the rel-
ative frequencies of measurement outcomes x
(l)
j for this
phase ϕ(l); (ii) The recovered quadrature distribution of
phases is uniformly distributed.
For (i), we consider the conditional probability
P(x ≤ X|ϕ = ϕ(l)) = P(x ≤ X ∧ ϕ = ϕ
(l))
P(ϕ = ϕ(l)) . (24)
We get from our estimation on the one hand
P(x ≤ X|ϕ = ϕ(l)) =
∫X
−∞ dx
p(x;ϕ(l))
pi∫∞
−∞ dx
p(x;ϕ(l))
pi
=
∫ X
−∞
dx p(x;ϕ(l)) ≈ 1
Nl
Nl∑
j=1
Θ(X − x(l)j ),
i.e., the normalized sum of all data points x
(l)
j below X,
and on the other hand
P(x ≤ X|ϕ = ϕ(l)) ≈
∑Nl
j=1$
(l)
j Θ(X − x(l)j )∑Nl
j=1$
(l)
j
.
This means that
∑
j Θ(X − x(l)j ) is proportional to∑
j $
(l)
j Θ(X − x(l)j ). As this relation hold for all X, we
get that $
(l)
j has to be constant with respect to j,
$
(l)
j = $
(l). (25)
Addressing requirement (ii), we consider a marginal
phase distribution P(ϕ(l) ≤ ϕ < ϕ(l+1)) for phases in an
interval, which is described by
P(ϕ(l) ≤ ϕ < ϕ(l+1))
=
∫ ϕ(l+1)
ϕ(l)
dϕ
∫ ∞
−∞
dx
p(x;ϕ)
pi
=
ϕ(l+1) − ϕ(l)
pi
or estimated via
P(ϕ(l) ≤ ϕ < ϕ(l−1)) ≈
Nl∑
j=1
$(l) = $(l)Nl.
8Hence, we conclude
$(l) =
ϕ(l+1) − ϕ(l)
Nlpi
. (26)
In our case, the phases are equidistant. That is, the
interval from 0 to pi is split into I equally sized intervals
which results in ϕ(l+1) − ϕ(l) = pi/I. Thus, we find for
our measurements that the weighting coefficients for the
sampling formula (22) are
$
(l)
j =
1
NlI
. (27)
Bipartite hybrid sampling
For our particular case of a bipartite system, we get
the following sampling formula of discrete phases that
are not uniformly distributed:
PΩ;m,n(α) =
I∑
l=1
Nl∑
j=1
1
INl
g
(l)
j , (28)
where we use
g
(l)
j = f
′
Ω(x
(l)
1,j , ϕ
(l)
1 ;α,w)F
′
m,n(x
(l)
2,j , ϕ
(l)
2 ) (29)
and {(x(l)1,j , ϕ(l)1,j , x(l)2,j , ϕ(l)2,j)}j=1,...,Nl;l=1,...,I defines our
two-mode data set. It is worth mentioning that the total
number of data points is N =
∑I
l=1Nl. Here, instead of
each of the data points contributing equally to the final
average, we have a weighted mean of the product g
(l)
j of
pattern functions per phases pair. In Fig. 4, we showed
the corresponding distribution of data points in the two-
dimensional phase intervals which yields the weightings
in Eq. (27). Let us also stress that the pattern func-
tions are independent of our weighting coefficients, cf.
Eq. (21). Further and as it was similarly shown in the
previous subsection, Eq. (28) represents a proper esti-
mate which satisfies our requirements (i) and (ii).
In the following, we derive the sampling-error estima-
tion for the expression (28). The standard approach is
the treatment of all g
(l)
j as random variables which are
independent and distributed according to a normal dis-
tributions with a variance σ(g
(l)
j )
2. This gives
σ(PΩ;m,n(α))
2 =
I∑
l=1
Nl∑
j=1
(
1
INl
)2
σ
(l)2
j .
For a fixed phase ϕ(l), the random variables g
(l)
j are iden-
tically distributed (σ
(l)
j = σ
(l)) which allows us to rewrite
σ(PΩ;m,n(α))
2 =
1
I2
I∑
l=1
σ(l)2
Nl
, (30)
where the empirical variance for a fixed phase is the stan-
dard estimate σ(l)2 =
∑Nl
j=1 g
(l)2
j /Nl −
(∑Nl
j=1 g
(l)
j /Nl
)2
.
Equation (30) is the sampling error for the expression in
Eq. (28) for a non-uniform distribution of phases.
CONDITIONAL NONCLASSICALITY
Interpretation of the CHN notion
The CHN provides a link between DV and CV systems.
Its definition states: The conditional Glauber-Sudarshan
P distribution of the CV subsystem has to have no coun-
terpart in classical statistics for a projection Πˆ in the DV
subsystem, i.e., P (α|Πˆ)  0. This means that the hybrid
state can be used to generate a nonclassical CV state
through a measurement in the DV system. This can be
naturally interpreted in terms of the heralded generation
of nonclassical light.
An important remark is that any arbitrary entangled
state will be represented by a NQP matrix which is not
positive-semidefinite. This can be seen from the fact that
any state which does not exhibit CHN takes the form
ρˆ =
∫
dPcl(α, φ)|α〉〈α| ⊗ |φ〉〈φ|, (31)
where |α〉 is a CV coherent state, |φ〉 is an arbitrary DV
state, and Pcl is a classical probability distribution (i.e.,
Pcl = 0) over the pure product states |α〉 ⊗ |φ〉. Note,
states of the form (31) describe the convex hull over all
pure states without CHN, |α〉 ⊗ |φ〉. Therefore, such
states without CHN are automatically separable. Con-
versely, an entangled state cannot take the form (31).
To prove that CHN can exist beyond entanglement, let
us consider initially a two-mode squeezed-vacuum state
(likewise, EPR state)
ρˆ =
∞∑
n,m=0
(1− p)
√
pn+m |n〉 |n〉 〈m| 〈m| , (32)
with 0 < p < 1 and where p = tanh2 ξ is related to the
squeezing parameter ξ of the initial input fields, where we
choose the phase such that ξ > 0. Note that this requires
a generalization of the dimensionality of the DV system
to d = ∞. The state (32) is entangled and, therefore,
exhibits CHN. For instance, if we perform a conditional
measurement onto the nth photon-number state, Πˆ =
|n〉〈n|, we get the conditional state ρˆ|Πˆ = |n〉〈n|. For
n > 0, this describes a nonclassical n-photon state of
light, proving CHN.
Performing a dephasing operation on the state (32),
we observe a decay of entanglement [59]. In particular,
a full dephasing results in a phase-randomized two-mode
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FIG. 5. The Wigner function W (α) (top row) and the regularized P function PΩ(α) (width w = 1.9, bottom row) are shown
for the state aˆ†|β〉 and different β values: column (a) β = 0, column (b) β = 0.9, and column (c) β = 2.6.
squeezed-vacuum state,
ρˆ′ =
∞∑
n=0
(1− p)pn|n〉〈n| ⊗ |n〉〈n|, (33)
whose nonclassical features have been extensively stud-
ied in Ref. [18]. For instance, this non-Gaussian state
has a non-negative Wigner function, and the full phase
diffusion made the initial EPR state separable. Still,
when heralding onto the nth Fock state, we also get
ρˆ′|Πˆ = |n〉〈n|. Again, this state is nonclassical for n > 0,
and we confirmed CHN. Hence, CHN can exist without
entanglement—or, entanglement is not needed to herald
nonclassical states, such as single photons.
Also note that there is a difference between the defini-
tion of the conditional P function [Eq. (5) in the Letter],
further defining CHN, and the derived criterion to probe
CHN [Eq. (7) in the Letter]. The conditional P function
is defined in terms for each projective measurement Πˆ.
But the NQP matrix includes the information about all
projections in the DV mode.
Regularized P function vs. Wigner function
To further support the claim that our approach gives
more insights into the nonclassicality compared to pre-
vious approaches, see for example Ref. [24], we consider
the conditional state ρˆ|0〉〈0| as an example; cf. Eq. (3)
in the Letter. Further on, we have also outlined that the
generated hybrid state is approximated by ρˆ = |Ψ′〉〈Ψ′|,
with |Ψ′〉 ≈ 2−1/2(|β〉 ⊗ |1〉 + |gβ〉 ⊗ |0〉); cf. Eq. (9)
in the Letter. In particular, we used the approximation
N 1/2 a†|β〉 ≈ |gβ〉, with a proper normalization constant
N . Thus, the actual conditional state reads
ρˆ||0〉〈0| = N aˆ†|β〉〈β|aˆ. (34)
In Fig. 5, we compare the Wigner and the regularized P
function of the conditional state (34) for different dis-
placements β. Note, this phase-space function corre-
sponds to the element PΩ;0,0(α) of our regularized NQP
matrix, which we reconstructed from our data [Fig. 2 in
the Letter].
From Fig. 5, we observe for both phase-space quasi-
probabilities, W (α) and PΩ(α), that the height of the
negative part relative to the positive part decreases with
increasing coherent amplitudes |β|. For larger |β| values,
the Wigner function is unable to resolve those negativi-
ties in the presence of unavoidable reconstruction errors.
In the same scenario, the regularized P function has still
a significant negative part.
The used approximation for N 1/2aˆ†|β〉 is aimed at
representing—to some extend—the coherent state |gβ〉.
Specifically, this would imply a non-negative Wigner
function, which was also experimentally verified in Ref.
[25]. However, the photon-added coherent state aˆ†|β〉 is
only an approximation to a coherent state which is re-
vealed in the form of negativities of the regularized P
function—for our data, with a statistical significance of
S0 = 8 standard deviations under the same experimen-
tal conditions as in Ref. [25]. Therefore, the applied
technique of regularized P function is a highly-sensitive
technique beyond the standard Wigner approach.
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